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The equation of the temperature field in the plane wall of a mold is derived for the case in 
which the surface temperature varies harmonically. A method of determining the maximum 
specific thermal fluxes through the mold wall under these conditions is proposed. 

One of the most important characteristics of the operation of a mold used in the continuous casting 
of metals is the specific thermal flux transferred through the wall from the casting to the cooling medium. 

The thermal flux may be determined experimentally by means of differential thermocouples with 
their ends placed at different depths in the mold wall. If the temperature varies linearly through the wall, 
the thermal flux may be simply found from 

q = - -  AT. (1) 
Ax 

Experiments show that the t empera tu re  difference between the junctions of the differential the rmo-  
couple fluctuates all the time. The charac te r i s t i c  curve of the thermoelec t romot ive  force generated by 
the thermocouple,  recorded  by means of an electronic potentiometer,  for  the semicontinuous casting of 
copper in a copper mold, is shown in Fig. 1. 

The change talcing place in the surface tempera ture  of the mold wall a re  of the same character .  This 
effect may be explained as being due to vibrations of the casting within the mold, leading to a periodic 
variat ion of the gas space between the casting and the mold, and hence to changes in the specific thermal  
flux. The hea t - t r ans fe r  process  in the mold is therefore  not a s teady-s ta te  process ,  and the tempera ture  
distribution through the wail is not linear. Any determination of the thermal  flux by means of Eq. (1) may 
therefore  lead to e r ro r s .  

In this paper we shall propose a method of analyzing the experimental  data when determining the 
thermal  flux in a mold, these data being given in the form of the time dependence of the electromotive 
force  of a differential thermocouple (Fig. 1). 

F i r s t  of alt, let us derive an equation for the t empera tu re  field within a plane mold wall; the wall is 
washed on one side by a cons tan t - tempera ture  coolant, the tempera ture  of the other surface  varying ha r -  
monically. 

In order  to derive this equation, we use the differential equation of heat conduction 

OT (x, ~) 02T (x, "0 (2) - - a  
Or ax ~ 

The boundary condition on the surface  of the wail turned toward the casting (x = 0) is: 

T (0, ~) = T O + T~ sin r (3) 

Ukrainian Correspondence Polytechnic Institute, Artemovsk.  Translated f rom Inzhenerno-Fiz i -  
cheskii Zhurnal, Vol. 18, No. 2, pp. 270-277, February ,  1970. Original ar t ic le  submitted April  9, 1969. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. ,4 copy of this article is available from the publisher for $15.00. 

195 



i E m V  

Fig.  1 Fig.  2 

Fig. 1. T i m e  va r i a t i on  of the e l e c t r o m o t i v e  f o r c e  of the d i f fe ren t ia l  
t he rmocoup le .  

Fig.  2. A r r a n g e m e n t  of the d i f fe ren t ia l  t he rmocoup l e  in the mold  wall .  

The bounda ry  condit ion on the s ide  o f  the cool ing m e d i u m  (x = 6) is  

a [T (6, "0 - -  TB] = - -  ~ OT (X,0x "0 ~=~" (4) 

Le t  us take  the ini t ia l  (T = 0) t e m p e r a t u r e  d i s t r ibu t ion  in the wall  a s  l inear ,  i .e . ,  

T (x, O) = T O - -  kx, 

where  

(s) 

1 To - -  TB k :  
6 1 + 1  

Bi 

The Blot c r i t e r i o n  Bi = c~ 6/X. 

The solut ion of Eq. (2), with boundary  condi t ions  (3) and (4) and ini t ial  condi t ion (5), was  obtained 
by m e a n s  of an  in t eg ra l  L a p l a c e  t r a n s f o r m a t i o n .  

T(x, T ) = T o - - k x §  
V V~+ U~ 

4 - 2 T a Z p  d 

n ~ l  

where  the Pd c r i t e r i o n  

sin ( I~,~ 6 - -  x~ ~,~ / 6 - -  x \  

o.(, / 

\ p d  ~ 

~6 2 
P d =  

6t 

Z V = sh z cos z -k z ch z cos z - -  - -  sh z sin z; 
Bi Bi 

U = chzs inz  + ~ shzsinz -}- _~z chzcosz; 
Bi Bi 

- R ( x ) = s h  z cos z + - ~ c h '  6 - - x  z 
Bi 

s(x) = ch (z s i .  z + ~ -  ~h z ~,. z + Bi 

[ 6 - - x \  . / 6 - - x \  sh~ z - v -  j s,. ? - - ~ )  ; 

(6) 

(7) 

(s) 

(9) 

(10) 

(11) 
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(x) V Riz~H 
q~ (x) = arc t g : - "  "" -- " 

R (x) v + s (x) u '  

Pn a r e  the roo t s  of the c h a r a c t e r i s t i c  equat ion 

tg ~t = - -  ix/Bi. 

(12) 

(13) 

(14) 

Some t ime  a f t e r  the onse t  of the o s c i l l a t o r y  mode  of  va r i a t ion  in the t e m p e r a t u r e  of the mold wall a 
r e g u l a r  mode  b e c o m e s  es tab l i shed .  Then  Eq. (7) t akes  the f o r m  

T (x, "0 = To - k x  + T~ 1 / -R~(x) + S~ (x) sin [r + qo (x)]. (15) 
�9 V v ~ T ~  

Using (15), we obtain the  t ime  dependence  of the t e m p e r a t u r e  d i f fe rence  at points  1 and 2 (Fig. 2), 
i .e . ,  the  r e l a t ionsh ip  indicated  by the po ten t iome te r  connected  to the t h e r m o e l e c t r i c  p y r o m e t e r :  

AT = T (xa, x) - -  T (x 2, x) = To - -  kx~ + Ta l # R~ (xx) + S*(xx) sin [cox + r (xl)] 
v V ~ + U 2 

_ To + kx z - -  Ta k / -  R2(X~)v 2 ++ S 2U ~(xz) sin [cox + q~ (x~)]. (16) 

[R (xl) ~ R (x~)] ~ + [$ (x ]) - -  S (x~)] ~ sin (cox+ P), 

Af t e r  t r a n s f o r m a t i o n  we obtain  

AT = k (x z - -  xl) + Ta V/"  

w h e r e  

V ~ + U  2 
(17) 

p = arctg V IS (xl) - -  S (x2)l - -  U [R (xl) - -  R (x2)] (18) 
v [R (xO - R (x2)l + u is (xl) - s (x~)l 

Using (1) and (17), we m a y  wr i t e  the equat ion of the spec i f ic  t h e r m a l  flux d e t e r m i n e d  expe r imen ta l ly  
f r o m  the t e m p e r a t u r e  d rop  at the junct ions of the d i f fe ren t ia l  t h e r m o c o u p l e  thus:  

-- ~ AT = ~k ~ ~ra ~ [R (xi) - -  R (x2)] 2 ~- [S (Xl) - -S  (x2)] 2 
qo x~ - -  x I x2 __ xl V~ + U~ sin (~ox + 9). (19) 

Now let  us find the r e a l  t h e r m a l  flux t r a n s f e r r e d  f r o m  the cas t ing  to the mold  wall:  

w h e r e  

Using (15), we d e t e r m i n e  0T(x, r ) /~x :  

% = _ ~, 0_7" ax(X' ~)[x=o (20) 

OT(x,x) k + T a  [ dx J dx / s in[cox+q~(x)+,(x)] ,  (21) 
Ox V 2 + U 2 

I R (x) dS (x) dR (x) 1 ~-;-- -- S (x) - d ~  
(x) = arc tg ; 

R (x) dR (x) dS (x) ~ - -  + S (x) --d~ 

dR (x) z 
p (x); 

dx 6 

(x) z _  w (x); 
dx 6 

[ 6 - - x ]  [ 6 - - x l  ( c o s { z 6 - - x ~ +  2z c h [ z ~ - - f ) s i n ( z ~ ) ;  

(22) 

(23) 

(24) 

(25) 
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' a - - x \  
(26) 

Substituting (23) and (24) into (21) and then (21) into (20): 

Lz / '  p2 (0) + W ~ (0) sin [r + q~ (0) + ,  (0)]. 
qr : k ~ - - T  a - ~  V 2 + [12 (27) 

Analyzing Eq. (19), we note that the average  value of the specific thermal  flux found f rom the ex-  
per imental  data is obtained for sin (COT + p) = 0. Then 

qeav= s (28) 

It iS prec ise ly  this mean thermal  flux which passes  f rom the casting to the coolant in actual fact. 

F r o m  Eq. (27) with sin[cot + ~0(0) + r = 0 we obtain 

qrav= ~k. (29) 

In determining the thermal  operating conditions of molds used for  the continuous casting of metals ,  
it  is  ve ry  important  to know the maximum thermal  fluxes. 

The maximum value of the specif ic  the rmal  flux determined by the maximum tempera tu re  drop at 
the thermocouple  junctions may be found f rom Eq. (19) with sin (COT + p) = 1: 

qe =~,k + ~'Ta / [R(x~)--Rixz)]2+ [S(xO--S(x~)lZ (30) 
max XZ--X 1 ~ /  V 2-~-U 2 

The maximum value of the rea l  thermal  flux is found f rom Eq. (27) with sin[coT + q~(0) + r = - 1 :  

~z / p2(0)+W ~(0) 
qrma x = k~, -~- T a -6--  ~ + U ~ (31) 

Dividing (31) t e rmwise  by (30), we obtain 

q 
r m a x  

m a x  

__ I -{-m I ToTaTB 

l + m ~ -  Ta ' 
To--T ~ " 

(32) 

where  

( 1 ) v / - P 2 ( 0 ) + W 2 ( 0 )  " (33) 
r n  1 - - -  z 1 + -B~- V 2 + U ~ , 

ms 6 ( 1  + 1 ) /  [R(xl)-R(x~)]2-tS(xl)-s(x2)]' (34) 
x, - -  xl ~ V ~ + U 2 

Using Eq. (15), we express  the mean and peak t empera tu res  on the surface  of the mold wall turned 
toward the casting T O and T a in t e r m s  of T~ and T~, the mean and peak t empera tu res  on the surface  of the 
wall turned toward the coolant. Then: 

T a T~ V' Vr U 2 (35) 

T o - - T . - T o - - T .  V~z(l_t..__~_i ) " 

Substituting (35) into (32), we obtain 

where  

1 + kx0 (36) qr : qe ~ ,  
m~x ~x 1 + k~0 

kl = ~ V P~ (o) + ~ (o); (37) 
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3. Re la t ion  be tween  the Bi and Pd c r i t e r i a  and the coef f i -  
c ients  k 1 (a) and k 2 (b). 

ks 6 1 K [R (xl) - -  R (x~)l 2 + IS (xl) - -  s (x~)l 2 ; (38) 
x2--xl V~z 

t 
7". 

0 = T;~T-- '--  (39) 

Using Eqs.  (19) and (27), we m a y  a l so  d e t e r m i n e  the m i n i m u m  value of the spec i f i c  t h e r m a l  flux 
ca lcu la ted  f r o m  the expe r imen ta l  data fo r  s in  (cot + p) = - 1 ,  and the r e a l  va lues  fo r  sin [cot + ~o(0) + r 
=1 :  

qrmi n l - -  klO 

qe~-mi7 = 1 - - k ~ "  (40) 

Using (28) and (29) we m a y  de r ive  an  equat ion fo r  0: 

1 1 
~-(qrmax @ qrmi 2 = ~ (qemax ~- qemi 2" 

Substituting (36) and (40) into (41) we obtain 

e - - 1  
0 ~  

k~ (8 -}- 1) 

(41) 

(42) 

where 

e = qemax (43) 

qemin 

Thus Eq. (36) m a y  be used in o r d e r  to d e t e r m i n e  the m a x i m u m  values  of the t r u e  t h e r m a l  f luxes in 
the mold.  

In o r d e r  to ea se  the p r a c t i c a l  use  of Eq. (36), Fig.  3a, b gives  the coef f ic ien ts  k t and k 2 in the f o r m  of 
c u r v e s  plot ted for  va r ious  Bi and Pd c r i t e r i a .  

In plot t ing the cu rve  of k 2 f r o m  (38), it was  a s s u m e d  that  x 2 = 6 and x~ = 0.26, i .e . ,  that  the cold junc-  
t ion of the t he rmocoup le  lay  on the s u r f a c e  of the wall  washed by the coolant  and the hot junct ion at a d i s -  
t ance  of 0.26 f r o m  the s u r f a c e  of the wai l  turned toward  the cast ing.  F o r  a mold  walI  th ickness  of 12 m m  the 
t h e r m o c o u p l e  junct ions  w e r e  a r r a n g e d  in a p p r o x i m a t e l y  the s a m e  way. 
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The method proposed for determining the thermal fluxes in the plane walls of the mold is as follows. 

A differential thermocouple is placed in the wall of the mold and connected to an automatically-re- 
cording potentiometer. Using the recording of the electromotive force developed by the thermocoupte, 

we determine qemax, qea v, and e = qemax/qemin by means of Eq. {1). 

Apart from the differential thermocouple, another thermocouple is placed on the surface of the wall 
on the side of the coolant and connected to another automatic recorder .  The readings of this latter give T~ 
and T~. 

Knowing the temperature of the coolant TB, Eq. (39) may be used to determine 0. Then we find k 2 
from (42), and then the Bi cri terion from Fig. 3b. The angular frequency for finding the Pd cri terion is 
determined fromthe diagrams recorded by the potentiometer. 

Finally, using Fig. 3a, we may determine ki, and then by Eq. (36) qrmax. As already indicated, 

qea v = qra v. 

AT 
AX 

TO, T~ 
Ta, T~ 
C0 

5 
TB 

T 

Bi 
Pd 

NOTATION 

is the temperature difference between the differential thermocouple junctions; 
is the distance between the differential thermocouple junctions; 
is the thermal conductivity of the mold wall material; 
are the mean temperatures of the wall surfaces facing the casting and coolant, respectively; 
are the peak values of the corresponding temperatures; 
is the angular frequency of temperature variation; 
Is the mold wall thickness; 
is the temperature of coolant; 
is the heat-transfer coefficient between wall and coolant; 
is the time; 
is the Blot number; 
is the Predvoditelev number. 

I. 

2. 
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